This paper presents various experimental verifications for the theoretical analysis results of vibration suppression to a smart flexible beam bonded with a piezoelectric actuator by a velocity feedback controller and an extended state observer (ESO). During the state feedback control (SFC) design process for the smart flexible beam with the pole placement theory, in the state feedback gain matrix, the velocity feedback gain is much more than the displacement feedback gain. For the difference between the velocity feedback gain and the displacement feedback gain, a modified velocity feedback controller is applied based on a dynamical model with the Hamilton principle to the smart beam. In addition, the feedback velocity is attained with the extended state observer and the displacement is acquired by the foil gauge on the root of the smart flexible beam. The control voltage is calculated by the designed velocity feedback gain multiplied by the feedback velocity. Through some experiment verifications for simulation results, it is indicated that the suppressed amplitude of free vibration is up to 62.13% while the attenuated magnitude of its velocity is up to 61.31%. Therefore, it is demonstrated that the modified velocity feedback control with the extended state observer is feasible to reduce free vibration.
Introduction
In recent years, a smart system, which consists of a cantilever beam bonded with a piezoelectric actuator, has drawn much interest of many researchers [1] [2] [3] [4] [5] . At the same time, the controller designs based on positioning control and vibration suppression of the smart system have attracted wide attention around the world [6] . Especially for dynamic modeling task and vibration reduction work of a smart cantilever beam with piezoelectric materials, there have been lots of studies on suppressing vibration with a designed controller [7] . For example, a full-order model is developed using assumed model expansion and the Lagrangian approach for a flexible cantilever beam bonded with a PZT patch to control a base motion [8] , a finite element model of the three-layered smart beam is utilized to reduce vibration by a velocity feedback controller [9] , and the multimodal vibration suppression of a smart flexible cantilever beam with piezoceramic actuator and sensor by using a pole placement method is proposed [10] .
As for adopted control law to suppress vibration of mechanical system, in the past several years, many researchers have committed to the work on vibration control of a smart beam with piezoelectric sensor and actuator by a variety of controllers [11] . An acceleration sensor based on proportional feedback control algorithm and sliding mode variable structure control algorithm with phase shifting technology is proposed for suppressing the first two bending mode vibrations of a beam [12] . A modified acceleration feedback control method is developed for active vibration control of the aerospace structures [13] . A linear quadratic regulator (LQR) controller is adopted to achieve vibration suppression of the laminated smart beam [14] . A controller is designed using proportion-integral-derivative theory with output feedback to control the vibrations of any real-life system [15] . A sliding mode control (SMC) with backstepping technique is employed to control the attitude motion of a spacecraft [16] . The vibration suppression is achieved through a combined scheme of PD-based hub motion control and a PZT actuator controller that is a composite of linear and angular velocity feedback controllers [17] . Nonaxisymmetric vibrations of a clamped-free cylindrical shell partially treated with a laminated PVDF actuator are controlled using an adaptive filtered-X least mean square algorithm [18] . A modal velocity feedback control method is applied to suppress the undesirable vibration [19] . An improved version of the previously developed synchronized switch damping on voltage (SSDV) approach [20] and an adaptive semiactive SSDV method through the LMS algorithm [21] are proposed and are applied to the vibration control of a composite beam. An adaptive law is adopted for the purpose of providing an additional force to control frequency changes caused by broadband vibrations [22] . A novel approach is developed for achieving a high performance piezoelectric vibration absorber [23] . A robust adaptive sliding mode attitude controller is designed to control system for rotation maneuver and vibration suppression of a flexible spacecraft [24] . However, there is lack of a simplified model to suppress vibration for a smart cantilever beam with an effective controller.
In this paper, a dynamical model of a smart beam is proposed by combining the Hamilton principle and the assumed mode method [25] . In addition, based on the dynamical model, a controller with the velocity feedback control [26] [27] [28] through the pole placement theory is designed to suppress free vibration of the smart beam. In the velocity feedback control design process, the feedback velocity is observed through the extended state observer [29] [30] [31] with the output displacement of the smart beam sensed by foil gauge. In a word, a dynamical model is constructed to design the velocity feedback gain and suppress the first-order free vibration of the smart beam with the extended state observer.
The rest of this paper is organized as follows. A dynamical model for the smart system is constructed in Section 2. An extended state observer and a velocity feedback controller are designed for the purpose of vibration suppression in Section 3. Some simulations and experiments are performed to verify the vibration reduction effectiveness for the smart beam by the velocity feedback controller in Section 4. Finally, some conclusions are given in Section 5.
Dynamic Modeling for Smart System
A cantilevered beam bonded with a piezoelectric actuator and a foil gauge is shown in Figure 1 . The piezoelectric actuator and the foil gauge are placed on the middle and the root of the smart beam, respectively. When the end tip of the smart beam is subjected to an external disturbance, the piezoelectric actuator is activated with the control voltage generated by a designed controller to suppress the disturbance or vibration. However, before that, the dynamical model for the actuating system must be proposed using energy conservation law.
As shown in Figure 1 , the displacement of the smart beam can be written as
where ( , , ) = ( ( , , ))/ . At the same time, the strain and stress should be expressed as
where represents the elastic stiffness constant. Moreover, the linear constitutive equations of piezoelectric actuator have been widely used as
where , , and represent electric field, electric displacement, and free dielectric constant, respectively; ℎ and represent piezoelectric stiffness constant and free dielectric isolation rate, respectively. Furthermore, the smart system's dynamics model can then be derived using Hamilton's principle and the assumed mode method. In this paper, the former first mode of the elastic beam modes is adopted for discretization. Therefore, the displacement of direction can be expressed as
wherein ( ) represents the assumed mode vector and ( ) is the generalized mechanical displacement vector. And in (4), the assumed mode is
where is the eigenvalue of the elastic beam, is the length of beam, and = 1.8751.
Shock and Vibration 3
Owing to (1), (2) , and (4), the strain 1 is expressed as
where is specified in the appendix. Therefore, the kinetic energy , the potential energy , and the virtual work of the smart cantilevered beam are described as follows.
First the kinetic energy term is written as
wherein subscripts and refer to the beam and the piezoelectric actuator, respectively. ℎ, , , , and are height, length, density, width, and the location of piezoelectric actuator with respect to the fixed end of beam.
Then, assuming that = / , is charge and is the cross-section area of piezoelectric actuator; the elastic, electrical, and thermal potential energy term is given as
where and are the elastic modulus and the moment of inertia of beam, respectively, and the corresponding matrices or vectors are specified in the appendix.
Finally, the virtual work done by external force , the beam's damping , and the voltage applied on the piezoelectric actuator are expressed as
where is the cross-section area of beam and the corresponding matrices or vectors are specified in the appendix.
Moreover, Hamilton's principle is
Substituting (7), (8), and (9) into (10), then
Therefore, from (11), the dynamical model of the smart system is obtained as̈+̇+
where the corresponding parameters are specified in the appendix. Due to (6), the output displacement at along the direction in Figure 1 is derived as
Finally, when external force is zero, (12) is transformed intö
where = √( − 2 / )/ , = /2 , and = ( ( ))/ . The verification analyses of model (14) are implemented with some necessary simulations and experiments through applying a sinusoidal voltage at different frequency (150 × sin(2 × ) and f is frequency and is time). In addition, the related geometric and mechanical parameters about simulation are given in Table 1 . From Figure 2 , it is obvious that the simulation curve from (14) fits in well with the experiment data. Furthermore it is informed that the first natural frequency is about 1.556 Hz and its corresponding maximum amplitude of harmonic vibration is 1.518 × 10 −5 m. Therefore, the theoretical model (14) can almost describe the harmonic characteristics of smart beam from experiment.
Observer and Controller Design
Based on above the proposed dynamical model for the smart beam, in the section, an observer and a controller are designed to suppress free vibration from the end tip of beam. Moreover, the observer is employed with the extended state observer (ESO). The ESO has advantages of not only observing high-order states of the system but also filtering noise which is caused by measurement of experiment. In addition, the control law is adopted with the state feedback control through the pole placement theory. However, in the design process, it is found that the velocity feedback gain is much more than the displacement feedback one. Therefore a simplified state feedback controller, namely, a modified velocity feedback controller, is designed to attenuate the free vibration of the smart beam.
Observer Design.
To achieve the first-order state (velocity) for the smart system, the designed observer must have the capacity of obtaining the high-order state through output displacement of system. The extended state observer (ESO) is a kind of state observer that can get multiorders state variables of system. First, assume that a second-order system is written as (15) from (14):̈(
where (̇( ), ( )) = −2̇− 2 . And (15) is written as a state equation:
where 1 ( ) and 2 ( ) are states of the smart system and ( ) is measurement noise. Then, assume the two observed states (displacement and velocity) of system as V 1 and V 2 and transform them into discrete variables as
where ℎ is time increment, and the function fst is the optical control synthesis function [32] written as
where is the initial state parameter and ℎ 1 is the time increment in the fst function. Finally, with the parameters of the designed observer in Table 2 , the observed states can track the corresponding practical states of system in
The principle diagram of ESO is shown in Figure 3 . The extended state ( ) is thought as the displacement sensed by foil gauge. By the designed observer, the online observed results are shown in displacement signal in Figure 4 (a), the observed result signal in Figure 4 (b) is filtered and becomes smoother. In addition, Figure 4 (c) shows the observed velocity by the extended state observer. The amplitude of the observed velocity V 2 (its maximum value is 4.404 × 10 −5 m/s) is about 10 times of the amplitude of observed displacement V 1 (its maximum value is 3.959 × 10 −6 m).
Controller Design.
In the paper, a state feedback control (SFC) is adopted to suppress free vibration for the smart beam. Figure 3 shows that the velocity feedback gain is much greater than the displacement feedback gain 1 in the design process of SFC. Therefore, a velocity feedback controller is simplified from the SFC. In addition, the modified velocity feedback controller can increase the system's damping to attenuate the vibration faster. The control law is designed from the principle of pole placement theory. First, the target damping ratio is assumed as :
where < < 1 and Δ is the quantity compensated by the velocity feedback controller.
Then, from (14) , the objective system model is attained as
As a result, the eigen matrix of (21) is written as
where is the eigenvalue and is the unit matrix. To achieve the objective damping ratio , the input control voltage in Figure 3 is designed through the state feedback control law and is expressed as
Therefore, the close loop system is described as
The eigen matrix of (24) is calculated as Then, by pole placement theory, the eigenvalues in (22) and (25) are equal, yielding
where | • | is determinant of the matrix. Finally, due to (26), the state feedback gains are derived as
The calculated state feedback gains and 1 are given in Table 2 . The control voltage is attained through and 1 multiplied by the displacement and velocity, respectively. However, the term ( 1 ×V 1 ) is much less than the term ( ×V 2 ). In other words, the control voltage is composed mainly of (− × V 2 ). Therefore, a modified velocity feedback controller is simplified from the SFC to suppress vibration for the smart beam.
The stability analysis of close loop system is shown in Figure 5 . The actual damping ratio of the close loop system is 0.0055 without control. When the damping ratio is designed from 0.0055 to 1 through the modified feedback controller, the real parts of the two conjugate poles in the left side of imaginary axis increase negatively. Therefore, it is indicated that the controlled system is stable. However, the applied control voltage by the power equipment is restricted at ≤150 V; the designed damping ratio cannot be achieved up to 0.707 or even is less.
Experimental Verifications
Based on the designs of the velocity feedback control law and the extended state observer, the theoretical simulation analyses with the corresponding physical test parameters are verified by the practical experiments. Figure 6 presents the experimental setup. When the end tip of beam suffers from an initial deformation (the iron weight behind the smart beam is used for calibrating the initial disturbance loaded on the end tip of beam in each experiment), the response displacement is transformed from the strain through the gauge foil and is transferred to the control processor (SEED-DEC2812) through strain amplifier (YE3817C). The processor not only sends and saves the collected data to the computer but also receives the commands from the computer to realize the designed controller. Then by the control law the velocity feedback gain is obtained. Moreover the calculated control voltage is outputted from the processor and is applied on the piezoelectric actuator of smart beam after power amplifier (HPV-3C0150A0300D) to damp the free vibration in shorter time. Figure 7 shows the control voltages with simulation and experiment. Before the time about 2 s, the control voltages are more than the limited voltage 150 V. Figure 8 gives the control results of displacement in simulation and experiment. After the time about 15 s, the free vibration amplitudes of displacement are all reduced up to a small value. Compared with the free vibrations without control, the control effects in simulation and experiment are obvious. Figure 9 presents the control results of velocity with simulation and experiment. It is demonstrated that the amplitudes of velocity with control are damped faster than the ones without control.
In Figures shows the spectrum analysis of velocity without control and with control with experiment. In addition, the peaks with no control and with control are 1.5060 × 10 −5 m/s and 5.8273 × 10 −6 m/s, respectively. Therefore, it is obvious that the reduced amplitude quantities of velocity are 61.31% in experiment. In short, the simulation and experiment verifications demonstrate that the velocity feedback control with the extended state observer is feasible to suppress free vibration. Furthermore the control effects of displacement and velocity are 65.32% and 64.71%, respectively, in simulation while the control result of displacement in experiment is up to 62.13% and the control result of velocity in experiment is up to 61.31%. It is verified that the control effectiveness is considerable.
Conclusions
In this paper, the suppression vibration of a cantilevered beam bonded with a piezoelectric actuator by a velocity feedback controller with an extended state observer is focused on. The dynamical mathematical model for a smart beam is constructed using the Hamilton principle. Based on the dynamical model, the velocity feedback control is designed through the pole placement theory. The feedback velocity is obtained by an extended observer with the output displacement of the smart beam. Finally, some simulations and experiments prove that the velocity feedback control is feasible to control free vibration. Moreover, the reduced amplitudes of displacement and velocity for the smart beam are 65.32% and 64.71%, respectively, in simulation. At the same time, through the experiment verifications, the control result of displacement is up to 62.13% while the control result of velocity is up to 61.31%. It is clear that the control effectiveness is considerable and the extended state observer is useful to obtain the high-order state for the smart system. 
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